Abstract. Averaged properties of bubbly liquids in the limit of large Reynolds and small Weber numbers are determined as functions of the volume fraction, mean relative velocity, and velocity variance of the bubbles using numerical simulations and a pair interaction theory. The results of simulations are combined with those obtained recently for sheared bubbly liquids [19] and the mixture momentum and continuity equations to propose a complete set of averaged equations and closure relations for the flows of bubbly liquids at large Reynolds and small Weber numbers.
Introduction
The flows of liquid containing bubbles at relatively large Reynolds numbers have been examined by a number of investigators in the past because of their occurrence in many physical and chemical operations. The most significant contributions to our understanding of bubbly liquid flows derive from a series of careful experimental and analytical studies by Professor Leen van Wijngaarden and his colleagues at the University of Twente over the last three decades. It is, therefore, a great pleasure and indeed an honor to present our recent work on bubbly liquids in a volume dedicated to Professor van Wijngaarden on the occasion of his sixty-fifth birthday and formal retirement from the university.
We shall consider here bubbly flows at large Reynolds number Re ≡ aV /ν and small Weber number We ≡ ρaV 2 /σ , a being the bubble radius, V the velocity magnitude of a bubble relative to the mixture, σ the interfacial tension, and ν and ρ, respectively, the dynamic viscosity and density of the liquid. In these flows bubbles remain approximately spherical, and the liquid motion induced by the bubbles can be described to a leading order by the potential flow theory. The viscous effects are essentially confined to thin boundary layer regions near the bubble surfaces and to small wakes behind the bubbles and, unlike the case of rigid particles, these viscous effects modify only slightly the fluid velocity field derived from the potential flow approximation as shown by Moore [1, 2] . The conditions of small We and large Re are approximately satisfied by about 1 mm diameter bubbles rising through otherwise quiescent water. Because of the relative ease with which the bubble-P.D.M. SPELT AND A.S. SANGANI bubble interactions can be computed, this dual limit can be examined in detail analytically.
We begin with a brief review of the work done to date on the flows satisfying the above dual limit. Unless there are strong variations in the pressure (as is the case in acoustic wave propagation), the volume changes of the bubbles can be neglected, and the interactions among bubbles are primarily governed by the added mass effects. A single massless bubble accelerates in an inviscid fluid as if its mass equals m/2, where m is the mass of the liquid displaced by the bubble [3] . This is referred to as the virtual or added mass of the bubble. The momentum change, m/2 times the change in the velocity of the bubble is, of course, the change in the liquid momentum as a result of the moving bubble. If there are more bubbles the liquid momentum generated by the motion of bubbles becomes complicated to evaluate, because the flow field induced by one bubble will be distorted by others. In other words, the added mass becomes a function of the configuration of the bubbles. For liquids containing a finite volume fraction φ of equal-sized bubbles the averaged added mass of a bubble can be expressed as C a m/2, where C a depends on the volume fraction φ of the bubbles and the spatial and velocity distributions of the bubbles. Van Wijngaarden [4] was the first to determine rigorously C a for dilute bubbly liquids, i.e., φ 1. The calculation required a then new technique developed by Batchelor [5] for the renormalization of long-range interactions in Stokes flows. Realizing that C a will also depend on the way the flow is induced, because of its dependence on the velocity distribution of the bubbles, van Wijngaarden restricted his attention to the special case in which the bubbly liquid at rest is impulsively set into motion by applying equal forces on all the bubbles. For this situation he obtained
The bubbles were assumed to be uniformly dispersed in the liquid in this calculation. The fact that the O(φ) coefficient in Equation (1) depends on the velocity distribution of the bubbles was further illustrated by Biesheuvel and Spoelstra [6] , who considered the case when all the bubbles are accelerated at an equal rate. Their analysis gave the coefficient of the O(φ) term in the above to be 3.32. In most flows the bubbles are neither uniformly forced nor uniformly accelerated, but it is generally believed that these two special cases provide the two limits on C a for uniformly dispersed mixtures. This, to some extent, is supported by the investigations of the added mass effects in the suspensions of particles subjected to an oscillatory motion by Felderhof [7] and Sangani et al. [8] . The latter investigators found that the O(φ) coefficient in this case increased monotonically from 2.76 to 3.32 as the ratio of the particle to the suspending fluid density varied from zero to infinity. They also used numerical simulations to compute C a for the complete range of values of φ for the hard-sphere spatial distribution of the oscillating particles, and found the cases of uniformly accelerated and uniformly forced particles to provide two extreme limits of C a . In fact, the difference in C a for these two extremes is not
